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We make few observations about the specific behaviour of transfinite inductive dimensions in 
topologically homogeneous spaces and topological groups. Two main results are: 
(i) If the large transfinite inductive dimension trInd X of a homogeneous normal space X is 
defined, then either ind X is finite or X is countably compact. 
(ii) If G is a normal topological group having the large transfinite inductive dimension 
trInd G, then ind G is finite. 
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All topological spaces and groups considered in this paper are assumed to be 
Tychonoff. If A is a subspace of a space X, then CI,A denotes the closure of A 
in X, and Fr,A = Cl,A fl Cl,(X\Cl,A) stands for the boundary of A in X. 
We omit subscript X if it is clear from the context where the closure and the 
boundary are considered. To start with let us recall definitions of transfinite 
inductive dimensions. 
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Definition 1. Let X be a (Tychonoff) space. By transfinite induction on an ordinal 
(Y we will define an inequality trind XG (Y as follows. 
(i) trind X G - 1 if and only if X = @. 
(ii) trind X Q (Y provided that for every point x E X and each open set U LX 
containing x there is an open set VcX such that x E I/ c Cl Vz U and trind Fr V 
< a. 
(iii) If there exists an ordinal u such that trind X < cy, then the smallest ordinal 
with this property is called the small trunsfinite inductive dimension of X and is 
denoted by trind X. Otherwise we say that X does not have the small transfinite 
inductive dimension or that trind X is undefined. 
Definition 2. Let X be a normal space. By transfinite induction on an ordinal (Y 
we will define an inequality trInd X G (Y as follows. 
(9 trInd XG -1 if and only if X=@. 
(ii) trInd X< (Y provided that for every closed set F CX and each open set 
UcX with FC U there is an open set VcX such that F G I/ccl Vc U and 
trInd Fr I/< LY. 
(iii> If there exists an ordinal (Y such that trInd X G CY, then the smallest ordinal 
with this property is called the large transfinite inductive dimension of X and is 
denoted by trInd X. Otherwise we say that X does not have the large transfinite 
inductive dimension or that trInd X is undefined. 
If trind X < o, then trind X= ind X, and if trInd X < o, then trInd X = 
Ind X, so dimension functions trind and trInd are natural extensions of the 
classical small inductive dimension ind and large inductive dimension Ind respec- 
tively. In the future we will use the previous observation to write ind X < w and 
Ind X < w instead of trind X < w and trInd X < o respectively. Although trind 
and trInd are extensions of ind and Ind, not all good spaces have these dimensions. 
For example, for the Hilbert cube I”, both trind I” and trInd I” are undefined. 
Obviously trind XG trInd X for every normal space X. For a survey of transfinite 
inductive dimensions we refer the reader to [6]. 
In this paper we will demonstrate that in topological groups, and more gener- 
ally, in homogeneous paces, there are some specific restrictions on the behaviour 
of transfinite inductive dimensions ‘. We start with homogeneous paces. 
Theorem 3. Let X be a normal homogeneous space for which trInd X is defined. 
Then either ind X < w or X is countably compact. 
Recall that a space X is homogeneous if for every pair x, y E X of points in X 
there is a homeomorphism h : X + X of X onto itself with h(x) = y. 
For topological groups we can prove even more. 
’ For a survey of dimension theory of topological groups the reader is referred to [16]. 
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Theorem 4. If a normal topological group G has large transfinite inductive dimension 
trInd G, then ind C(G) <w. 2 
Here and in the future C(G) always denotes the connected component of the 
neutral element of a topological group G. 
Corollary 5. Let G be a normal connected group. If trInd G is defined, then 
ind G < w. ’ 
Recall that a space X is pseudocompact if every real-valued continuous func- 
tion defined on X is bounded. It is well known that 
compact * countably compact * pseudocompact, 
and pseudocompactness coincides with countable compactness for normal spaces 
(see [7, 3.10.211). We say that a space X is locally compact (locally countably 
compact, locally pseudocompact) if every point of X has an open neighbourhood U 
such that Cl U is compact (countably compact, pseudocompact). 
For groups close to compact we can prove even stronger results than Theorem 4. 
Theorem 6. If G is a locally compact group having small transfinite inductive 
dimension trind G, then dim G = ind G = Ind G < w, i.e., G is finite-dimensional. 
Theorem 7. Let G be a locally pseudocompact group which has trind G. Then C(G) 
is metrizable, where 6 is the Weil completion of G. 
Recall that G is locally compact for every locally pseudocompact group G [31. 
Theorem 8. If a locally countably compact group G has small transfinite inductive 
dimension trind G, then C(G) is metrizable and ind C(G) = Ind C(G) <w. 
Corollary 9. A connected, locally countably compact topological group G has small 
transfinite inductive dimension trind G if and only if ind G < w. 
In the last corollary connectedness can be also replaced by total minimality of a 
group. A (Hausdorff) topological group G is totally minimal [4] if every continuous 
group homomorphism 7 : G + H onto any (Hausdorff) topological group H is 
open. 
Theorem 10. A totally minimal, locally countably compact topological group G has 
small transfinite inductive dimension trind G if and only if ind G < o. 
A space is a Lindeliif X-space if it belongs to the smallest class of spaces that 
contains both compact spaces and metric spaces and which is closed under 
* See Note added in proof. 
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operations of taking countable Cartesian products, closed subspaces and continu- 
ous images [lo]. We say that X is a locally Lindeltif Z-space if every point of X 
has an open neighbourhood whose closure is a Lindelijf s-space. 
Theorem 11. Let G be a locally Lindeliif Z-group. Then trInd G is defined if and 
only if Ind G < w. 
We start with the proof of Theorem 3. 
Proof of Theorem 3. Suppose that X is not countably compact. Since for normal 
spaces countable compactness is equivalent to pseudocompactness [7, 3.10.211, X
is not pseudocompact. So there exists a discrete family % = (U,: n E N} of nonempty 
open subsets of X. In each U,, pick a point x, E U,. Since trind X < trInd X and 
trInd X is defined, so is trind X. Now suppose, by the way of contradiction, that 
trind X > w. Then for every n E N there exist a closed set Y, LX and a point 
y, E Y, so that ind,,Y, = n, where ind,,Y, denotes the small inductive dimension 
of Y, at point yn. Since X is homogeneous, we can fix a homeomorphism 
4,:X-X with +(yJ=x,. Notice that each F, = $(Y,) is closed in X, x, E F, 
and indxnF, = n. For every n E N fix V,, an open subset of X, so that x, E V, c 
Cl V, c U,, and let Z, = F,, n Cl V,. Obviously, each Z, is closed in X and 
Z,, c U,,. Since g is a discrete collection, Z = lJ{Z,: n E N} is closed in X and 
Z = @(Z,: n E N}. Since Z is closed in X, trInd Z < trInd X; in particular, 
trInd Z is defined. On the other hand, 
Ind Z, z ind Z, 2 indxnZ,, = ind,“F, = n for every n E N. 
This however contradicts Smirnov’s theorem which says that if trInd @{Z,,: n E N} 
is defined, then there must be some m E N such that Ind Z, <m for each n E N 
(see [17]). 0 
Before we will proceed with other proofs, we need the following 
Lemma 12. A locally compact connected group is either finite-dimensional 3 or 
contains a homeomorphic copy of the Hilbert cube I”. 
Proof. Our proof follows closely the proof of [2, Theorem 2.41. We first prove our 
lemma for compact groups, and then extend it over locally compact groups. So let 
G be a compact group and Z(G) its center. Set K = C(Z(G)). Then there exist a 
family IL,: (Y E A} consisting of compact, simply connected, simple Lie groups and 
a continuous homomorphism r : K x L -+ G onto G, where L = l7{L,: (YEA) 
(see [13, 6.5.61). If K is infinite-dimensional, then K (and so G itself) contains a 
homeomorphic copy of I”. (Indeed, K is a compact connected Abelian group, and 
we can combine Theorems 24.27 and 24.28 from [8].) So we may assume that K is 
3 All three dimensions, ind, Ind and dim, coincide for locally compact groups, see Fact 13(i) below. 
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finite-dimensional. If K X L is finite-dimensional, so is G as a quotient group of a 
finite-dimensional compact group (see Fact 13(u) below), so it remains only to 
consider the case when K x L is infinite-dimensional. Since K is finite-dimen- 
sional, we conclude that L = FI{L Ly: (Y EA} must be infinite-dimensional. Each L,, 
being a compact Lie group, is locally homeomorphic to some Euclidean space R”, 
and so is finite-dimensional. This permits us to deduce that the set A is infinite. 
Let H = K x n{Z(L,>: (Y =A}, and let p : K X L + G/H = FI(L,/Z(L,): cy EA} 
be the quotient homeomorphism. Then there exists a continuous group homomor- 
phism p: G + FI{L,/Z(L,>: cy EA) such that p =p 0 r. Since each Z(L,) is a 
finite subgroup of L, [13, 6.4.31, the quotient map 4, : L, + L,/Z(L,) is a local 
homeomorphism, i.e., there is a nonempty open set U, c L, so that 4, r u, : U, -+ 
NJ,> c L,/ZuJ is a homeomorphism. Let 4 : L + n{L,/Z(G,>: (Y EA) be the 
map defined by Mx,h t A) = 14,(~,))~ E; A. Let p’ be the restriction of p to the 
subgroup L’ = (0) x L, where 0 is the zero element of K. It can be easily seen that 
p’=4 0 4, where q:(O}XL --+ L is the projection. Let U = Il{U,: LY EA) CL. 
Each U, is a nonempty open subset of a locally Euclidean space L,, so U, 
contains a homeomorphic copy of the unit interval I. Since A is infinite, U 
contains a homeomorphic copy of the Hilbert cube I”‘. Since 4 r u is a homeomor- 
phism, P’ r toj x u is also a homeomorphism. Since p = p 0 r, we conclude that 
7 1 tolx u is a homeomorphism too. Therefore ~(101 X U) c G contains a homeo- 
morphic copy of I”. 
Having our lemma proved for compact groups, let G be an arbitrary connected 
locally compact group. By the structure theorem of Iwasawa [93, G is homeomor- 
phic to the product R” x K, where K is a compact connected group. If K is 
finite-dimensional, then so is G. If K is infinite-dimensional, then K contains a 
homeomorphic copy of I” by the compact part of our lemma. q 
Proof of Theorem 6. We need the following fact about locally compact groups: 
Fact 13. Let G be a locally compact group. Then: 
(i) dim G = ind G = Ind G, and 
(ii) if H is a closed normal subgroup of G, then dim G = dim H + dim G/H. 
(Item (i) of this fact is due to Pasynkov [11,12], and item (ii) is a part of the 
folklore in the theory of locally compact groups.) 
Now assume that G is a locally compact group such that trind G is defined. 
Then trind C(G) < trind G, and so trind C(G) is defined. Since trind I” is unde- 
fined, this means that C(G) does not contain a copy of I”. By Lemma 12, 
dim C(G) < m for some m E N. Applying Fact 13 we obtain 
ind G = Ind G = dim G = dim C(G) + dim G/C(G) 
=m+O=m. 0 
Proof of Theorem 7. Fix a locally pseudocompact group G. We need two facts 
established by TkaEenko [18]. 
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Fact 14. If Z is a zero-set in G, then Cli;Z is a zero-set in C? and ind Z = ind C1e.Z. 
Fact 15. Every zero-set in G is C-embedded in G and perfectly K-normal in the 
induced topology. 
Recall that F is a zero-set in X if there is a real-valued continuous function 
f : X + R with F = f-‘(O). A space X is perfectly K-normal if Cl&J is a zero-set in 
X for every open set U LX [1,14]. A set F LX is C-embedded in X if every 
continuous function f : F + R can be extended over X. 
Let trind, denote the modification of the small transfinite inductive dimension 
trind obtained by imposing the additional restriction that Fr I/ is a zero-set in X 
in Definition l(ii). 
Claim. trind F = trind,F for every zero-set F L G. 
Proof. Observe that inequality trind X< trind,X holds for every space X. So it 
remains only to prove the following statement: 
If F L G is a zero-set and trind F =$ (Y, then trind,F < (Y. (*a> 
We will prove (*a ) using transfinite induction on (Y. (*_i > trivially holds. Suppose 
that we have already proved (*a > for all p < cy. Let F be a zero-set in G with 
trind G < CY. Fix x E F and an open set U c F so that x E U. Since trind F < (Y, 
there is I/, an open subset of F, such that x E I/L Cl,Vc U and trind Fr,V< LY. 
Now observe that, since F is a zero-set in X, the set Fr,V= CI,Vn Cl,(F\Cl,V’) 
is a zero-set in F by Fact 15. Since F is C-embedded in G by the same fact, Fr,V 
is a zero-set in G too. Now trind,Fr,V < (Y by the inductive hypothesis. This yields 
trind, F < a. 
Now suppose that C(G) is not metrizable, but nevertheless the dimension 
trind G is defined. Observe that trind G > 0 because G f 6. Since trind,G = 
trind G 2 0 by Claim, we can fix a zero-subset Z of G with ind Z = 0. Since G is 
homogeneous, without loss of generality we may assume that e E Z, where e is the 
neutral element of G. Now F = CleZ is a zero-set in G and ind F = 0 (Fact 14). 
The group G is locally compact, because G is locally pseudocompact [3]. There- 
fore, C(G) is a locally compact, connected nonmetrizable group. Applying [2, 
Theorem 2.41, we conclude that C(G) contains a homeomorphic copy of Z”‘, the 
Tychonoff cube of weight wi. Since G is homogeneous, we can assume that 
eEP1. Now eEO=FnZ”l, so @ is a nonempty zero-set in I”‘. As every 
nonempty G,-set in I”‘, @ contains a homeomorphic copy of PI, which contra- 
dicts inequality ind @ 6 ind F = 0. 0 
Proof of Theorem 8. By Theorem 7, C(G) c C<G> is metrizable. As a closed subset 
of G, C(G) is locally countably compact. Since countably compact metric spaces 
are compact, C(G) is locally compact. Since trind C(G) < trind G, C(G) has small 
transfinite inductive dimension, and so ind C(G) = Ind C(G) < o by Theorem 6. 
q 
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Proof of Theorem 4. Combine Theorems 3 and 8. 0 
Proof of Theorem 10. Since G is totally minimal, H = C(G) n G is dense in C(G) 
[5,4.3.3]. As a closed subset of G, H is locally countably compact. By Theorem 7, 
C(G) is metrizable, and so is H too. Countably compact metric spaces are 
compact, so H is locally compact. Since H is dense in C(G), H = C(e). Since 
trind H =g trind G is defined, and H is locally compact, dim H = ind H = n for 
some n E N (Theorem 6). Applying Fact 13 we obtain 
ind G<ind G=dimG=dim H+dim G/H=n+O=n. 0 
Proof of Theorem 11. A countably compact Lindeliif Z-space is compact, so if G is 
countably compact, then it is also locally compact, and Theorem 6 is applicable to 
get a conclusion of our theorem. On the other hand, if G is not countably 
compact, then ind G < w by Theorem 3. Now the following trivial improvement of 
[15, Corollary 2.61 finishes the proof: 
Theorem 16. If G is a locally Lindeliif .C-group, then ind G = Ind G. 
Proof. Let U be an open neighbourhood of the neutral element of G whose 
closure Cl U is a Lindelof x-space, and let H be the smallest subgroup of G that 
contains Cl U. Then H is a Lindelof Z-group which is clopen by [S, Ch. II, 5.51 
since @ # U c Int H. Therefore, G is covered by disjoint clopen copies of H. Now 
we have ind G = ind H = Ind H = Ind G, where the middle equality holds by [15, 
Corollary 2.61. 0 
In conclusion let us mention some open questions. 
Question 17. Can “connected” be omitted in Corollary 5 or Corollary 9? ’ 
Question 18. For each ordinal (Y, is there a normal (metric) group G, with 
trind G, = a? 
Question 19. Which ordinals could be obtained as the values of the small transfi- 
nite inductive dimension of a separable metric group? 
Question 20. Let G be a (locally) Lindelof Z-group. If trind G is defined, is 
ind G <w? 
By Theorem 11 this question is equivalent to 
Question 21. If trind G is defined for a (locally) Lindelof X-group G, is trInd G 
also defined? 
In fact, even a more general question seems to be open: 
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Question 22. Is there a normal (metric) group G for which trind G is defined, but 
trInd G isn’t? Is there such a group with additional restriction ind G < w? 
Note added in proof 
From Theorem 6 of D. Dikranjan, Dimension and connectedness in pseudo- 
compact groups, C. R. Acad. Sci. Paris SCr I 316 (1993) 309-314 (the proof will 
appear in: D. Dikranjan, Zero-dimensionality of some pseudocompact groups, 
Proc. Amer. Math. Sot.) and results of TkaEenko [18], it easily follows that ind 
G = ind C(G) f or a countably compact group G. Combining this with our Theo- 
rems 3 and 8, one concludes that C(G) can be substituted by G in the conclusion 
of Theorem 4, thereby making Corollary 5 superfluous and answering positively 
the first part of Question 17. Furthermore, if the equality ind G = ind C(G) could 
be established for a locally countably compact group G (which is unclear at the 
moment), then it would be also possible to omit “connected” in Corollary 9, 
thereby answering positively the second part of Question 17. 
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